Gravity currents of dense fluid feed basins in many important natural and industrial systems, such as lakes fed by dense rivers and auditoria supplied with cooled air by ventilation systems. The entrainment into these buoyancy driven currents can be influenced by viscous forces. Little work, however, has examined this viscous influence and how entrainment varies with the Reynolds number, Re. Using the idea of an entrainment coefficient, E, we derive a mathematical expression for the rise of the front at the top of the dense fluid ponding in a basin, where the horizontal crosssectional area of the basin varies linearly with depth. We compare this expression to experiments on gravity currents with source Reynolds numbers, Re s , covering the broad range 100 < Re s < 1 500. The form of the observed frontal rises was well approximated by our theory. By fitting the observed frontal rises to the theoretical form with E as the free parameter we find a linear trend for E(Re s ) over the range 350 < Re s < 1100, which is in the transition to turbulent flow. In the experiments the entrainment coefficient, E, varied from 4 × 10 −5 to 7 × 10 −2 . These observations show that viscous damping can be a dominant influence on gravity current entrainment in the laboratory and in geophysical flows in this transitional regime.
I. INTRODUCTION
A number of important natural phenomena are influenced by turbulent entrainment into inclined gravity currents. Examples include the downwelling component of the Atlantic meridional overturning circulation, the rise of fresh water from subglacial discharges at glacial termini, the discharge of brines to the coastal ocean, the flow of toxic dense gases in the atmosphere, and the inflow of dense river water into lakes 1 . Much literature has examined the amount of entrainment and associated dilution that occurs in these currents 2, 3 .
Existing research has mainly focussed on the stabilising influence of gravity on entrainment and parameterised the entrainment coefficient in terms of the densimetric Froude number. The densimetric Froude number, F r = u 3/2 /B 1/2 0 , is the ratio of the inertia of the current over the buoyancy of the current, where u is the along-slope velocity of the current and B 0 is the buoyancy flux per unit width in the current. The entrainment coefficient, E, is the ratio given by u over the induced velocity, v, perpendicular to the slope with which ambient fluid is entrained into the current, such that v = Eu 4 .
Fernandez and Imberger 5 compared various empirical parameterisations of the coefficient
E based on F r and bottom drag coefficient, C d , with data from field measurements of river inflows to reservoirs. In their most accurate parameterisation of E, the standard deviation of the error in the predictions from observations was 31% of the average measurement.
Reducing this uncertainty is important to many applications. For example, predictions of ecologically significant processes, such as the provision of nutrients to phytoplankton in the surface layer of a lake, change drastically depending on the assumptions made about the mixing of the inflowing river water 6 . Furthermore, global climate models are sensitive to the dilution that occurs in the downwelling limb of the meridional overturning circulation 7 .
There has been a recent resurgence in research into entrainment by gravity currents 8 .
Work has begun to investigate the reduction of entrainment by viscous forces 9 . It may be the case that in the limnological field site of Fernandez and Imberger 5 the value of E was dependent on the Reynolds number, Re, which describes the ratio of inertia over viscous forces. In this study, the river inflow had a Re of around 10 000. The suggestion that Re has a significant influence on E motivates our present work to measure this influence in the laboratory, where conditions can be more carefully controlled than in the field.
The experiments described in this paper measure E at different Re by fitting observations of the front depth to the depth predicted by theory for a turbulently entraining gravity current filling a triangular basin, as shown in figure 1 . A follow up paper will describe the motion of the fluid below the front, within the stratified ponded fluid. In section II of the present article, the experimental apparatus will be described. In section III, the qualitative and then quantitative results of the experiments will be presented. In section IV, a newly derived equation for the filling of a triangular basin by an entraining gravity current will be described, and the experimental results will be compared with the theoretical curves to find an expression for E(Re). Section V will then discuss the observed variation in E in the context of previous work and the significance of these results.
II. EXPERIMENTS
The experimental apparatus is shown in figure 1 . A triangular basin was formed by inclining a rectangular tank. The tank was 2.35 m long, 0.15 m wide and 0.50 m tall. All experiments were carried out at an inclination of 8.6
• from the horizontal. The region with a triangular vertical cross section below the source unit, formed the working section of the experiment. The position of the front of the fluid ponding at the bottom of the basin (shown diagrammatically in figure 2 ) was found from an aspirated conductivity probe on a belt-driven linear traverse 13 . The traverse was oriented perpendicular to the base of the tank. The probe measured density profiles every 13 s, taking a sample every 0.5 mm. The signal from the probe electrodes was connected via a Wheatstone bridge to a UEI analogue-to-digital acquisition card (model PD2-MF). To reduce signal noise, the data were filtered using a median filter Qualitative experiments were carried out separate to the quantitative experiments to visualise the turbulent features at the boundary of the gravity current. In these visualisations, the profiler was not used and dilute milk was added to the source fluid. By adding the opaque milk, the shape of the upper boundary of the current was made visible. The concentration of milk was such that a black plastic rod submerged in the solution was obscured at a distance of approximately 0.5 mm.
III. RESULTS

A. Qualitative results
The opaque dye visualisation allowed structures at the boundary of the gravity current to be seen. The structure observed included waves, eddies and filaments. In the quantitative experiments, dilute methyl blue dye was added to the source to allow additional qualitative observation. The head of the gravity current ran down the slope, followed by the thinner tail of the gravity current. When the head reached the bottom of the basin, the head crashed against the end wall. This overturning caused mixing and waves at the interface of the ponded region. This established the ponded region which than gradually rose to fill the entire basin. The profiling probe measured the density stratification during this filling process.
B. Quantitative results
The height of the front above the ponded region was calculated from each density profile during the filling of the basin, as described in section II. A typical density profile is shown in figure 4 with the front, defined by a threshold density, indicated by the red cross. Alternative Within each run, the speed of ascent after the pond had formed gradually slowed as the front rose towards the source. Two reasons contributed to this reduced frontal velocity: the larger cross-sectional area at the top of the basin reduced the upwelling velocity; and the upwelling volume flux reduced because the downwelling gravity current entrained less fluid.
In runs with a higher source flow rate and thus larger Re s , the basin filled faster. This was not only because more fluid was provided by the source, but also because the entrained volume increased at the higher Re s . The entrainment coefficient was measured from the filling time, as shall be discussed in section IV A. The data from figure 5(a) are replotted with time on a logarithmic scale in figure 5 (b) to more clearly show the curves at all source flow rates.
Interfacial waves caused the front at the top of the ponded region to rise and fall at the location of the profiler, introducing some noise to the rising curves. This made the frontal rise curves non-monotonic. The error in the front height measurements, as seen by the oscillations in the data, was less than approximately 10 mm. A small error was also introduced by noise in the conductivity measurements which was minimised by the median filter.
We will compare the curves of the observed frontal rises with the theoretical solution derived in the following section for triangular filling boxes fed by entraining gravity currents.
This will show how much fluid was entrained as the basin filled, and allow E to be calculated for the different runs.
IV. THEORY
Here, we analytically consider a two-dimensional (2D), turbulent, entraining gravity current. The current deposits fluid in a ponded region at the bottom of a triangular basin,
shown schematically in figure 6 . This basin shape is typical of many lakes 16 . Our approach uses a similar model to the seminal work of Baines and Turner 17 . They considered a constant width basin, not typical of a lake. We use density and velocity profiles for the gravity current that have "top hat" forms 4 , i.e., they are a Heaviside step function falling from the mean value in the current to the ambient value at a distance h perpendicular from the slope.
This analysis can be reproduced (with a change of prefactor) for any form of the density and velocity profiles within the gravity current that remain self-similar along the current 18 .
Within the gravity current, the volume flux increases as fluid is entrained, the momentum flux increases due to the weight of the current, and the buoyancy flux is conserved because the gravity current runs beneath a uniform density environment. The density variations are small, allowing the Boussinesq assumption to be made. The bottom drag is neglected in the momentum equation, because we are dealing with the limit for steep slopes. However, in laminar regime flows, where entrainment drag is negligible, bottom drag may be significant.
These quasi-steady fluxes evolve along the slope according to
where x is the distance downwards along the slope, u the velocity in the gravity current along the slope, h the thickness of the gravity current normal to the slope, E the entrainment coefficient, g = g(ρ p −ρ a )/ρ r the reduced gravity of the fluid in the current, g the acceleration due to gravity, θ the angle the incline makes with horizontal, ρ p the density in the gravity current, ρ a the density of the ambient and ρ r a constant reference density. The value of E is to be determined from the experiments.
Mass transport in the ambient fluid is assumed to be dominated by upwards return flow in the basin balancing the downwards gravity current flow along the slope. Other mass transport processes, such as diffusion in the ambient, are assumed to be negligible.
Conservation of the volume delivered to the ponded region by the gravity current therefore
where z f is the depth of the front beneath the virtual source of the gravity current, t time, D the depth of the bottom vertex beneath the virtual origin, and q f = uh the volume flux in the current at the depth of the front. In the right angled triangle case considered in these experiments, the horizontal length at the top of the basin is A = D/(sin θ cos θ) . The virtual origin is the origin for a source of buoyancy alone that would give rise to the volume and buoyancy flux that occurs at the physical origin.
Gravity currents filling basins: influence of Reynolds number on entrainment
Equations (1) - (4) can be made dimensionless using the scalings
where B 0 is the source buoyancy flux per unit width and z = x sin θ is the vertical distance beneath the source. The corresponding dimensionless system of equations is
Boundary values of f = 1 and q = 0 at ζ = 0 give fluxes along the gravity current of q = ζ and m = ζ. Substituting for q in (11), and integrating, we obtain
which can be rearranged to
where η f is the height of the front above the bottom of the basin and W is the Lambert-W function 19 . Figure 7 includes a plot of η f .
A. Analysis
We now examine the experimental data in terms of the theoretical dimensionless parameters described in the previous section. The experimental data are plotted in figure 7 in non-dimensional coordinates, with a constant value of E = 0.012. This value for E was suggested by the results of Ellison and Turner 2 for the inclination of 8.6
• used here. The position of the virtual origin was set to give the correct volume flow rate at the physical source,
assuming that E = 0.012. This non-dimensionalisation did not successfully collapse the data onto the theoretical curve given by (13) . The high flow rate experiments filled more quickly than the theoretical curve and the low flow rate experiments filled more slowly than the theoretical curve. The model does, however, qualitatively capture the observed behaviour.
Using this value for E, the theoretical curve lies in the middle of the dimensionless data, which is expected because in the experiments of Ellison and Turner 2 Re s was approximately 1000. In light of the qualitative observation that the volume of fluid entrained increased at the higher flow rates, the value of E should vary with source flow rate or, equivalently, Re s .
As the gravity current moves down the slope and entrains fluid, Q and Re increase. The assumption of a relationship E(Re) implies that, if Re increases down the slope, E will also change down the slope. Allowing E to vary as a linear function of x, however, leads to a more complicated set of differential equations. Our first order approximation, that E is set only by the source flow rate and does not change along the gravity current, is reasonably successful.
The value of E was calculated for each flow rate from the rise of the front in each experiment. Using E as the free variable, (13) There was no trend in E in these experiments with F r in the turbulent regime, over the range Re c < Re s < 1100. This was because F r was nominally constant across all the experiments. The change in E occurred because Re s varied across a wide range in the experiments. The value of F r = (u 3 /B 0 ) 1/2 in the steady current was estimated from the front speed, u f , observed when the gravity current was initiated. Britter and Linden
21
showed empirically that u f = 3u/5 for gravity currents on inclines above 5
• . The F r observed in these experiments over the range 350 < Re s < 1100 had an mean of 3.1 and a variance of 0.01. These values fall within the range of F r observed by Britter and Linden 21 .
The coefficient of determination between E and F r was R 2 = 3 × 10 −5 , showing that in these experiments there was no correlation between the two variables.
The parameterisation (14) for the variation in E with Re s collapses data from the different experimental runs onto a single curve. The fact that the length scale and time scale of the experiments collapse when using the linear parameterisation is expected because values of E found by the least squares fit matched well with the parameterisation. The Lambert-W form of the theoretical curve agrees well with the theoretical prediction. This result was not enforced by the least squares fit. The match between the data and the form of the curve demonstrates that the entraining gravity current is a good model of the flow. In figure 9 , the data for which Re s > Re c are plotted, together with the theoretical curve. The data closely follow the form of the Lambert-W function predicted by the entraining gravity current theory, as shown in figure 9 . When a constant value of E was used, as in figure 7 , the departure from the theoretical curve was correlated with Q s ; this trend was not present when the parameterisation (14) was used.
V. DISCUSSION AND CONCLUSIONS
Using the linear relationship (14) for E(Re s ) improves the collapse of the experimental observations to the theoretical filling curve. The residual sum of squares error between the observed dimensionless height and the theoretical dimensionless height is 0.055, compared to 0.102 when using a constant value for E 2 .
Numerous measurements of E have previously been made in laboratory and field settings, with a linearly varying value of E given by (14) .
from 10 000 to 31 000, which is low compared to typical oceanographic field studies.
Only the work by Cenedese and Adduce 9 has put forward a detailed parameterisation of E(Re). Their work was based on experiments where rotation had a strong influence.
Rotation played no role in our experiments. However, in order to compare our experiments with those of Cenedese and Adduce 9 we will consider the impact that rotation had on those previous experiments. In the regime in which the flow appeared turbulent (i.e. Re Re c ), the present data are in reasonable agreement with previous measurements. In the low
Re regime the present measurements found much lower values of E than predicted by the Cenedese and Adduce 9 parameterisation or the data set which it is based on; at Re s = 100 the present measurements of E are more than 1000 times smaller than predicted by the Cenedese and Adduce The exact value of E calculated from these experiments depends on the threshold value, φ, used to define the front above the ponding region. If fluid that is more dilute is considered to have been entrained into the gravity current, then the volume of entrained fluid will increase and so will E. The constant value of φ = 0.1 was used consistently throughout these experiments. This threshold included as much dilute fluid as possible without allowing noise in the density measurements to influence the height of the front above the ponded region.
Measuring E from the depth of the ponded region means that extraneous sources of mixing, such as mixing at the source and end wall, are included in the estimate of the entrainment. Qualitative observation suggested that the mixing into the current along the slope was significantly larger than these extraneous sources of mixing. The fact that these other sources of mixing were present at the lowest flow rate experiments, but did not raise the calculated value of E above 0.0002, suggest that extraneous sources were minimal. The use of the ponded region depth is attractive, despite this problem, because it is a timeintegrated and space-integrated measure of E. This means that it is statistically a more robust measurement. Similar experiments, such as those by Prastowo et al. 22 and Cenedese and Adduce 20 , have also ignored these other mixing processes.
We now discuss the range of Re s over which (14) (14) gives a negative value for E, which is clearly invalid because E must not be negative. The value of E for Re s < Re c is not identically zero, but this study is not able to give a more accurate parameterisation over this range. There must also be an upper limit of Re s for which (14) is valid, because E cannot rise without limit. There is no indication from the results in figure 8 that the gradient dE/d(Re s ) reduces over the range examined in these experiments, although the data point at Re s = 1 500 is based on only 4 measurements of the ponded region depth and could therefore reasonably be disregarded. A conservative approach on this basis would therefore restrict the validity of (14) to the range Re c < Re s < 1 100. Many geophysically significant gravity currents occur in the regime of transition to turbulence at intermediate Re, such as small river inflows to lakes. The influence of viscous effects should be accounted for in these flows by using Re dependent parameterisations of entrainment.
These results do not show what happens at Re s > 1 100. Considering results of work on buoyant plumes, one might imagine that the asymptotic limit for E would be of order 0.1 4 . The linear fit to E(Re) shown in figure 8 suggests that gravity currents of Re s ∼ 2 000
would closely approach this limit. Further experiments at Re s 2 000 should be possible with an apparatus with a slightly larger source flow rate and basin volume. Such experiments to investigate the behaviour at this limit would be valuable. An alternate view, supported by the studies of Prastowo et al. 22 and Dimotakis 23 suggest that the entrainment rate does not change above the mixing transition occurring at Re 50 000. There are many gravity currents in geophysical settings with 1 100 < Re < 50 000, such as the river inflows studied by Fernandez and Imberger 5 . These flows would be understood better with further experimental data in this range.
Within the ponded region below the front, the behaviour of the gravity current was very different to the behaviour described here. The ambient fluid in the ponded region was stratified and therefore allowed peeling detrainment to transfer fluid from the gravity current to the ambient 12, 24 . The behaviour of the gravity current in the ponded region will be described later in the series of papers on this experiment.
Future work could measure the density and velocity fields within gravity currents at different Re, which was not possible with the apparatus described here. The mechanisms within the gravity currents which give rise to the observed changes in E with Re could then be identified.
The qualitative appearance of the turbulent state at the upper interface of the gravity current suggest that at Re s 100 the current is laminar with little entrainment. At Re s > Re c , where we found Re c ∼ 350, the gravity current transitions to a turbulent state, as shown in both qualitative visualisations and the measured value of E. At Re c < Re s < 1500, a linear increase in E with Re was observed. Using the linear variation for E(Re s ) allowed the rise of the front in the basin to be predicted by theory. Laboratory and field studies of gravity currents with moderate Re, such that they are in the regime of transition to turbulence, should similarly account for viscous damping of entrainment.
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